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Given a Bell inequality, if its maximal quantum violation can be achieved only by a single set
of measurements for each party or a single quantum state, up to local unitaries, one refers to
such a phenomenon as self-testing. For instance, the maximal quantum violation of the Clauser-
Horne-Shimony-Holt (CHSH) inequality certifies that the underlying state contains the two-qubit
maximally entangled state and the measurements of one party (say, Alice) contains a pair of anti-
commuting qubit observables. As a consequence, the other party (say, Bob) automatically verifies
his set of states remotely steered by Alice, namely the assemblage, is in the eigenstates of a pair
of anti-commuting observables. It is natural to ask if the quantum violation of the Bell inequality
is not maximally achieved, are we capable of estimating how close the underlying assemblage is
to the reference one? In this work, we provide a systematic device-independent estimation by
proposing a framework called robust self-testing of steerable quantum assemblages. In particular,
we consider assemblages violating several paradigmatic Bell inequalities and obtain the robust self-
testing statement for each scenario. Our result is device-independent (DI), i.e., no assumption is
made on the shared state and the measurement devices involved. Our work thus not only paves a
way for exploring the connection between the boundary of quantum set of correlations and steerable
assemblages, but also provides a useful tool in the areas of device-independent quantum certification.
As two explicit applications, we show 1) that it can be used for an alternative proof of the protocol
of DI certification of all entangled states proposed by Bowles et al. [Phys. Rev. Lett. 121, 180503
(2018)], and 2) that it can be used to verify all non-entanglement-breaking channels with fewer
assumptions compared with the work of Rosset et al. [Phys. Rev. X 8, 021033 (2018)].
I. INTRODUCTION
Nonlocality of quantum theory enables one, by per-
forming incompatible measurements on entangled states,
to create correlations not admitting a local-hidden-
variable model [1]. Such correlations, termed nonlocal
correlations, can be observed by violating a Bell inequal-
ity [1–3] and allows one to perform quantum certifica-
tion tasks in a device-independent (DI) way [3–5], in the
sense that one makes no assumption on the measurement
devices or the shared quantum states. For instance, ob-
serving a Bell inequality violation verifies, in a DI man-
ner, that the shared state is entangled [6, 7] and that
the measurements performed are incompatible [8]. Re-
markably, in the extreme case, such as one obtains the
maximal quantum violation of certain Bell inequalities,
one is able to verify the exact quantum description of
the state and measurements. For instance, observing
the maximal quantum violation of the Clauser-Horne-
Shimony-Holt (CHSH) inequality [9] uniquely certifies
that the system under consideration contains the max-
imally entangled two-qubit state and that a pair of anti-
∗ shin.liang.chen@phys.ncku.edu.tw
† yuehnan@mail.ncku.edu.tw
commuting qubit observables is embedded in the mea-
surements performed [10, 11]. Since then, such a kind
of certification, dubbed as self-testing, has been used for
verifying various of quantum states and measurements
with distict Bell inequalitites (see Ref. [12] for a review).
Importantly, if one is still capable of estimating how close
the underlying system is to the ideal system even when
the violation of the Bell inequality departs from the max-
imal quantum value, then the self-testing is robust, which
is an essential property for both practical point of view
and experimental demonstrations.
Apart from nonlocality, another intriguing phe-
nomenon occurring between spatially separated systems
is steering [6, 13–15]. Consider two parties, called Alice
and Bob, sharing a quantum state. By locally performing
incompatible measurements on her part of share, Alice re-
motely steers Bob’s share into a set of states with certain
probabilities. The set of such states and probabilities,
referred to as the assemblage [16], is the resource quan-
tity concerned in a steering-type experiment and plays
an important role in the resource theory of steering [16–
19]. Operationally, quantum steerability can be treated
as an entanglement verification task in an asymmetric
quantum network [6, 20], crucial to demonstrate quan-
tum key distribution in practice [19, 21]. As applications
in quantum cryptography, it was shown that quantum
steerability can be used for the optimal randomness cer-
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FIG. 1. The overview of this work.
tification [22] and maximal randomness expansion [23].
It was also found that steerability is closely relalted to
measurement incompatibility [24, 25], hence being an es-
sential bridge to study measurement incompatibility [26–
28]. All of the above pieces of research, as well as many
other works related to steering, rely on the analysis of
assemblages. Therefore, studying the property of assem-
blages allows one to understand steering more deeply and
gives a further boost to applications of quantum informa-
tion processing.
In this work, we propose a method for verifying the as-
semblage when given a Bell inequality violation. For in-
stance, we show that when observing the maximal quan-
tum violation of the CHSH inequality, Bob’s assemblage
must contain the set of eigenstates of anti-commuting ob-
servables, yielding equivalent probabilities. This seems
not surprising since the maximal violation has already
told us that the shared state contains the maximally two-
qubit entangled state and Alice’s measurements form an
anti-commuting set of observables, therefore the infor-
mation of Bob’s assemblage can be obtained by the rule
of quantum theory. What we are mainly concerned with
is the imperfect situation, that is, our proposed method
is capable of estimating how close the underlying assem-
blage is to the ideal one when the violation of the CHSH
inequality departs from its maximal value. We refer to
the method as robust self-testing of quantum assemblages.
Interestingly, one of the elements of the framework is bor-
rowed from an idea of the swap method [29, 30] —relaxing
the ideal case to a DI setting. Naturally, while the swap
method uses the typical numerical approximation, i.e.,
the semidefinite relaxation [31–34], to carry out the com-
putation, we employ a variant tool called the assemblage
moment matrices proposed recently [28]. Apart from the
CHSH scenario, we also consider assemblages violating
the tilted CHSH inequality [35], the elegant Bell inequal-
ity [36], and the one of Ref. [37], and obtain the robust
self-testing statement in each scenario. Fundamentally,
our work classifies various types of steerable assemblages
and has a deep connection between these assemblages and
the boundary of the quantum set of correlations. Our
work thus has direct applications on DI quantum cer-
tification. Two explicit applications are provided: The
first one is that it can be used for an alternative proof of
the DI certification protocol of all entangled states pro-
posed in Refs. [38, 39]. In particular, while the original
proof relies on the results of both self-testing of the state
and the measurements, our proof is merely based on self-
testing of the assemblages. The other one is that it can
be used for making the verification protocol of all non-
entanglement-breaking channels [40] fully DI. MATLAB
codes to accompany some of the results in this work can
be found in Ref. [41]. The general picture of this work is
depicted in Fig. 1.
The rest of paper is organized as follows: In Sec. II,
we briefly review the concepts of Bell nonlocality and
steerability and introduce the notations used in the entire
manuscript. In Sec. III, we introduce the framework for
robust self-testing of assemblages and use the CHSH sce-
nario as a typical example. After that, robust self-testing
of assemblages in other paradigmatic Bell scenarios are
also explored. In Sec. V, we provide two explicit appli-
cations on DI certification of entangled states and non-
entanglement-breaking channels. In Sec. VI, we conclude
our work and discuss some possible issues for future re-
search. Some related proofs are included in Appendices.
II. PRELIMINARIES
A. Bell scenario
Let us start by briefly reviewing a Bell-type experi-
ment. Consider a bipartite physical resource shared be-
tween two observers, called Alice and Bob. During each
round, Alice (Bob) performs a measurement labelled by
x ∈ X = {1, 2, 3, ..., |X |} (y ∈ Y = {1, 2, 3, ..., |Y|}) on
her (his) part of system and obtains a measurement out-
come a ∈ A = {1, 2, 3, ..., |A|} (b ∈ B = {1, 2, 3, ..., |B|}),
where |X | denotes the cardinality of the set X . After
many rounds, they observe a set of joint probabilities of
measurement outcomes conditional on the measurement
settings, namely a correlation {P (a, b|x, y)}a,b,x,y := P,
which can be treated as a single point in R|A||B||X ||Y|.
3Apart from the axiomatic constraints on the correla-
tion such as the normalization (
∑
a,b P (a, b|x, y) = 1)1
and the positivity (P (a, b|x, y) ≥ 0), the correlation
P also suffers from distinct types of constraints in dif-
ferent theories. For instance, if P is generated by a
local-hidden-variable model, the probabilities conditional
on the hidden variables λ factorize as P (a, b|x, y, λ) =
P (a|x, λ)P (b|y, λ). Such correlations are referred to as lo-
cal correlations and their set, denoted by L, forms a poly-
tope in R|A||B||X ||Y|, i.e., it is a bounded, convex set with
finite number of extremal points. If the correlation is gen-
erated by quantum theory, i.e., P is generated by Alice
and Bob locally performing quantum measurements, de-
scribed by positive-operator valued measures (POVMs)
{EAa|x}a,x and {EBb|y}b,y, on the shared bipartite quantum
state %AB, then the correlation is dubbed as quantum
correlation and it follows the Born rule: P (a, b|x, y) =
tr(EAa|x⊗EBb|y %AB). The set of quantum correlations, de-
noted by Q, also forms a convex set, but it is not a poly-
tope since it has infinite extreme points. Importantly,
Q is a proper superset of L [1, 3]. This means for any
given quantum correlation P′ which is not local, there
exists a hyperplane
∑
a,b,x,y βa,b,x,yP (a, b|x, y) = αL sep-
arating P′ and L, with βa,b,x,y being some real numbers.
Consequently, all local correlations must satisfy the in-
equality
∑
a,b,x,y βa,b,x,yP (a, b|x, y) ≤ αL, which is called
a Bell inequality. Denoting by αQ the maximal value
that the quantity
∑
a,b,x,y βa,b,x,yP (a, b|x, y) can achieve
by quantum correlations [42], then one has αL ≤ αQ due
to L ⊂ Q. All the Bell inequalities considered in this
work are those with αQ being strictly greater than αL.
B. Quantum steerability
The typical steering scenario [6, 17–19] is similar to the
Bell scheme. The difference is that during each round of
Alice’s action (a, x), Bob is able to characterize his part of
the quantum state, denoted by ρˆa|x. After many rounds,
Bob obtains a collection of ensembles {ρˆa|x}a,x remotely
prepared by Alice, whose measurement statistics are de-
scribed by a set of conditional probabilities {P (a|x)}a,x.
It is convenient to introduce a quantity, dubbed as an
assemblage [16–19], defined as {ρa|x := P (a|x)ρˆa|x}a,x
so that Alice’s statistics and Bob’s collections of en-
sembles can be both characterized through the relation:
P (a|x) = tr(ρa|x) and ρˆa|x = ρa|x/ tr(ρa|x). Compared
to a local-hidden-variable model in the Bell scenario,
the classical counterpart in the steering scenario is the
so-called local-hidden-state (LHS) model. That is, the
bipartite physical resource is described by hidden vari-
ables λ with a probability distribution P (λ) and a set of
1 In the entire paper, for simplicity, we omit the statement of “for
all indices” such as “for all x, y” or “for all a, b, x, y” when there
is no risk of confusion.
pre-existing quantum states {ςˆλ}λ, such that the assem-
blage is generated by post-processing these fixed states:
ρa|x =
∑
λ P (λ)P (a|x, λ)ςˆλ, where P (a|x, λ) encodes the
reaction to Alice’s outcome a depending on x and λ.
Without loss of generality, we can write the LHS model
as ρa|x =
∑
λ P (λ)δa,λx ςˆλ, where δa,λx is a determin-
istic probability distribution and λ := (λ1, λ2, ..., λ|X |)
describes the deterministic strategy with which Alice re-
acts, whenever λx = a for the measurement x [16, 17].
The number of all possible such deterministic strate-
gies λ is |A||X |. If the resource is characterized by
quantum theory instead, the assemblage is obtained via
ρa|x = trA(EAa|x ⊗ 1 %AB). It was Shrödinger [13] find-
ing out there exist some quantum measurements EAa|x
and quantum states %AB, such that the obtained assem-
blage does not admit a local-hidden-state model, which is
called a steerable assemblage. For brevity, we denote an
assemblage like {ρa|x}a,x or {σa|x}a,x as ρ or σ. For the
quantum state of a single system, we add a hat symbol if
it is normalized: e.g., ρˆa|x is normalized while ρa|x is not.
If ρˆa|x are pure states for all a, x, then ρˆa|x and {ρˆa|x}a,x
can be represented by, respectively, |ρˆa|x〉 and |ρˆ〉, where
ρˆa|x = |ρˆa|x〉〈ρˆa|x|. We denote a bipartite quantum state
by %AB without the hat symbol as it is always normalized
in the entire manuscript.
III. ROBUST SELF-TESTING OF STEERABLE
ASSEMBLAGES
Before giving a definiton of self-testing of assemblages,
first of all, we need a definition of the fidelity between two
quantum ensembles, described respectively by {pi, %ˆi}Ni=1
and {qi, ςˆi}Ni=1, where pi (qi) is the probability of prepar-
ing the normalized quantum state %ˆi (ςˆi) with
∑
i pi =∑
i qi = 1. The fidelity between two quantum ensembles
can then be defined as
F ({pi, %ˆi}, {qi, ςˆi}) =
∑
i
√
piqi F
UJ(%ˆi, ςˆi), (1)
where FUJ is the Uhlmann-Josza fidelity [43, 44]. When
pi = qi for all i, the above equation recovers the typi-
cal definition of the fidelity between two ensembles (see
Ref. [45] and references therein). Therefore it is easy to
see that F ({pi, %ˆi}, {qi, ςˆi}) = 1 if and only if pi = qi and
%ˆi = ςˆi for all i.
Now, consider a steering scenario (see Section
II B), such that for each x we have two ensembles
{Pσ(a|x), σˆa|x}a and {Pρ(a|x), ρˆa|x}a. The fidelity be-
tween them is
∑
a
√
Pσ(a|x)Pρ(a|x) FUJ(σˆa|x, ρˆa|x) ac-
cording to Eq. (1). Taking each ensemble of all the mea-
surements x into account, we can define the fidelity be-
4tween two assemblages as
F(σ,ρ) := 1|X |
∑
a,x
√
Pσ(a|x)Pρ(a|x) FUJ(σˆa|x, ρˆa|x)
=
1
|X |
∑
a,x
√
Pσ(a|x)Pρ(a|x) 〈σˆa|x|ρˆa|x|σˆa|x〉
=
1
|X |
∑
a,x
√
Pσ(a|x)
Pρ(a|x) 〈σˆa|x|ρa|x|σˆa|x〉,
(2)
where the second equality holds if σˆa|x are pure states,
and the form of the last equality is for convenience to
perform self-testing later.
In a DI scheme, the underlying assemblage ρ is not
characterized. Therefore, we are in general unable to
compute F(σ,ρ). A strategy is to see if ρ is as useful
as σ, in the sense that all quantum information tasks
using steering as resource that σ can accomplish is also
achievable by ρ. It turns out if there exists a completely
positive and trace-preserving (CPTP) map Λ, such that
Λ(ρa|x) = σa|x ∀a, x, (3)
then ρ is as useful as σ in the resource theory of steering2.
With the above, we are in a position to define the ro-
bust self-testing of assemblages:
Definition 1. (Robust self-testing of assemblages)
Given an observed nonlocal correlation P /∈ L in a Bell-
type experiment, we say P robustly self-tests the refer-
ence assemblage σ at least with a fidelity f if for all ρ
compatible with P there exists a CPTP map Λ, such that
F(σ,Λ(ρ)) ≥ f, (4)
where Λ(ρ) denotes {Λ(ρa|x)}a,x for brevity.
Physically, Eq. (4) gives a lower bound f on the fidelity
between the underlying assemblage and the reference as-
semblage in a DI setting. The definition is similar to a
definition of self-testing of entangled states proposed in
Ref. [46] and that of self-testing of measurements con-
sidered in Refs. [47, 48] and [49] (see also Ref. [50]). In
the following, we illustrate a procedure for computing f
for an observed nonlocal correlation P. For the sake of
simplicity, we would like to consider a typical example
— the CHSH scenario. The generalization to arbitrary
scenarios can be straightforwardly obtained.
Consider the CHSH inequality in the correlator
form [9]:
ICHSH := 〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉−〈A2B2〉
L≤ 2, (5)
2 A local CPTP map acting on the assemblage is a free operation
in the resource theory of steering [19], in the sense that any
standard of measure of steerability does not increase under such
an action.
where the correlator 〈AxBy〉 := P (a = b|x, y) − P (a 6=
b|x, y) and its quantum realization is 〈AxBy〉 = tr(Ax ⊗
By%
AB), with Ax (By) being Alice’s (Bob’s) observ-
able corresponding to the x-th (y-th) measurement. A
quantum strategy for Alice {A∗x}3 and the shared state
%∗,AB = |ψ∗〉AB〈ψ∗| that achieves the maximal quantum
value of 2
√
2 of the inequality is applying two Pauli ob-
servables {A∗1, A∗2} = {Zˆ, Xˆ} on the maximally entangled
state |ψ∗〉AB = (c/√2)(|00〉− |11〉) + (s/√2)(|01〉+ |10〉),
where c := cos(pi/8) and s := sin(pi/8). We use this
set to define the reference assemblage by using the re-
lation σa|x = trA(Ea|x ⊗ 1 %AB), hence obtain each
entry of the reference assemblage denoted by σ∗a|x =
P ∗σ(a|x)|σˆ∗a|x〉〈σˆ∗a|x| with P ∗σ(a|x) = 1/2 for all a, x and
|σˆ∗1|1〉 = c|0〉+ s|1〉, |σˆ∗2|1〉 = s|0〉 − c|1〉,
|σˆ∗1|2〉 = −c|0〉+ s|1〉, |σˆ∗2|2〉 = s|0〉+ c|1〉
(6)
being four normalized quantum states steered on Bob’s
side. We refer to such an assemblage as “the CHSH-type
assemblage”4. As seen in Fig. 2(a), in this work we pro-
vide a visual representation of each type of qubit assem-
blage that we would like to self-test. Note the above max-
imally entangled state |ψ∗〉AB is unitarily equivalent to
the singlet. We use the former one since Bob’s quantum
strategy is the same as Alice’s observables, i.e., B∗1 = Zˆ
and B∗2 = Xˆ. The next step is to choose a proper CPTP
map Λ in Definition 1. It is rather convenient for us to
use the Choi-Jamiołkowski (CJ) isomorphism [51, 52] so
that the task of finding a CPTP map can be transformed
to finding a positive-semidefinite matrix Ω  0, where
Ω = (1 ⊗ Λ)|φ+〉〈φ+| is the so-called CJ matrix with
|φ+〉 = ∑i |i〉B⊗|i〉B′ being the unnormalized maximally
entangled state. More specifically, we have the following
relation
Λ(ρa|x) = trB
[
Ω(ρTa|x ⊗ 1 )
] ∀a, x, (7)
where T denotes the action of transposition with respect
to the computational basis.. For later use, let us apply
the transposition on the above equation:
[
Λ(ρa|x)
]T
=
trB
[
(ρa|x ⊗ 1 )ΩT
]
. In general, we can choose the follow-
ing CJ matrix: ΩT = |φ+〉〈φ+|, i.e., the corresponding
CPTP map Λ is the identity map. Then, ΩT can be rep-
resented by Bob’s optimal observables {B∗y} as following:
ΩT =
1 +B∗1
2
⊗ |0〉〈0|+ B
∗
2 −B∗2B∗1
2
⊗ |0〉〈1|
+
B∗2 −B∗1B∗2
2
⊗ |1〉〈0|+ 1 −B
∗
1
2
⊗ |1〉〈1|.
(8)
3 In this paper, we use the symbol “∗” behind the observables or
states to denote that they are the reference ones. The action of
the complex conjugation is denoted by “c.c.”.
4 We don’t use the term “the maximally steerable assemblage” due
to the non-existence of steering bit [19]. In other words, there is
no measure-independent maximally steerable assemblage.
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FIG. 2. (a) The representation of the CHSH-type assemblage. Each entry of {|σˆ∗a|x〉}a,x described by Eq. (6) is plotted on
the X − Z plane of the Bloch sphere. The red (top left - bottom right) and green (top right - bottom left) Bloch vectors
represent for |σˆ∗a|x〉 with, respectively, the first (x = 1) and second (x = 2) measurement. For each measurement setting x,
the array {(Pσ(1|x), ~r1|x} is marked on vectors corresponding to |σˆ∗1|x〉, where ~r1|x is the Bloch vector of |σˆ∗1|x〉. (b) Robust
self-testing of the CHSH-type assemblage. Lower bounds on the fidelity between the underlying assemblage and the reference
(the CHSH-type) assemblage as a function of the violation of the CHSH inequality ICHSH. The horizontal dashed line with the
value around 0.8536 represents the maximal fidelity that can be achieved by a LHS model, which can be computed via Eq. (12).
In a DI setting, Bob’s observables are not characterized,
therefore we relax B∗1 and B∗2 to unknown unitary and
Hermitian observables B1 and B2. Finally, we obtain a
DI description of the fidelity:
F(σ∗,Λ(ρ)) = F((σ∗)T, [Λ(ρ)]T)
=
1
2
∑
a,x
√
P ∗σ(a|x)
Pρ(a|x) 〈σˆ
∗,c.c.
a|x |
[
Λ
(
ρa|x
)]T|σˆ∗,c.c.a|x 〉
=
1
2
∑
a,x
√
P ∗σ(a|x)
Pρ(a|x) 〈σˆ
∗
a|x| trB
[
(ρa|x ⊗ 1 )ΩT
]|σˆ∗a|x〉,
(9)
where the first equality holds since the fidelity between a
pure and a mixed state is equivalent to that between their
transposition. The notation c.c. in the second line de-
notes the complex conjugate, and |σˆ∗,c.c.a|x 〉 = |σˆ∗a|x〉 since
they are all real in the CHSH case. Note that due to
the trace-preserving property of Λ, we have Pρ(a|x) :=
tr(ρa|x) = tr(Λ(ρa|x)).
Having a DI fidelity F(σ∗,Λ(ρ)), our goal is to find its
lower bound described in Definition 1 for all ρ compatible
with the observed quantum violation IobsCHSH. In other
words, the problem is formulated as:
min
P
F(σ∗,Λ(ρ)),
such that ICHSH(P) = IobsCHSH,
P ∈ Q,
(10)
where Q is the quantum set of correlations mentioned
in Section IIA. Since there is no known simple way to
characterize P ∈ Q, a compromise strategy is to use
the outer approximation [31–33] to characterize a super-
set of Q. Some variations [28, 34] were also proposed
to tackle specific DI problems, and it is rather conve-
nient to use the so-called the assemblage moment ma-
trices [28, 53] to approximate the quantum set Q. The
reason is that if we look closely at the objective function
F(σ∗,Λ(ρ)) (which is obtained by substituting ΩT in
Eq. (9) with Eq. (8)), it is a polynomial where each term
is of forms such as tr(ρa|x), tr(B1ρa|x), tr(B1B2ρa|x), etc,
up to some coefficients. In general, they can be described
as tr(S†i Sjρa|x), which are exactly entries of the assem-
blage moment matrices, with {Si} being the union of the
identity, Bob’s unknown observables, and their products,
i.e., {Si} = {1 , B1, B2, B1B2, ...}. The CHSH inequality
violation ICHSH can also be expressed as a linear combi-
nation of this form, i.e., 〈AxBy〉 = tr
[
By(ρ1|x − ρ2|x)
]
.
Therefore, the constraint P ∈ Q in Eq. (10) is relaxed
and the problem now becomes
min F(σ∗,Λ(ρ))
such that ICHSH(P) = IobsCHSH
χ[ρa|x,S]  0 ∀a, x,∑
a
χ[ρa|x,S] =
∑
a
χ[ρa|x′ ,S] ∀x 6= x′,
(11)
where χ[ρa|x,S] :=
∑
i,j |i〉〈j| tr(S†jSiρa|x) are the assem-
blage moment matrices [28, 53], and S := {Si} is a se-
quence of Bob’s unknown observables and their prod-
ucts. Equation (11) is a semidefinite program (SDP) [54]
and can be solved efficiently with computer packages.
6In the above SDP, the minimization is taken over the
free variables of the moment matrices, e.g., tr(B2B1ρa|x),
tr(B2B1B1ρa|x), etc. The second and third constraints
characterize a superset of the quantum set Q [28, 53],
therefore the solution, denoted by f , is a lower bound on
that of Eq. (10).
In Fig. 2(b), we plot f as a function of the observed
quantum violations of the CHSH inequality IobsCHSH. As
can be seen, the fidelity achieves the value of 1 with the
maximal quantum violation of 2
√
2. This means we suc-
cessfully self-test that the underlying assemblage contains
the CHSH-type one. To obtain the “classical fidelity” rep-
resented by the horizontal line in the figure, we consider
that Bob’s task is to simulate the reference assemblage
without any steerable resource. Indeed, he is able to dis-
card his share and prepare a fixed state from the set {ςˆλ},
which turns out the assemblage produced will admit a
LHS model described in Sec. II B. Hence, the maximal
overlap with the reference assemblage that a LHS model
can achieve is max{F(σ∗,ρ)|ρa|x = ∑λ P (λ)δa,λx ςˆλ}. It
can be computed via the following SDP (see Appendix A
for the derivation):
max
{ςˆλ}
√|A|
|X ||λ|
∑
a,x,λ
√
P ∗σ(a|x)δa,λx tr(σˆ∗a|xςˆ)
such that ςˆλ  0, tr(ςˆλ) = 1 ∀λ.
(12)
where |λ| = |A||X | is the number of elements of all the
vectors λ.
We would like to point out that the procedure of the
relaxation is somehow similar to the one in the swap
method [29, 30]. While the swap method relaxes the char-
acterization of the unitary circuit to self-test the reference
entangled state, here we relax the characterization of the
CJ matrix to self-test the reference steerable assemblage.
As can be seen in Sec. IVB, our method further enables
one to self-test assemblages containing complex entries.
IV. ROBUST SELF-TESTING OF OTHER
TYPES OF ASSEMBLAGES
In this section, we consider other paradigmatic Bell
scenarios and obtain the robust self-testing statement in
each of them. In particular, we raise these scenarios
for specific purpose: Section IVA stands for the situa-
tion where Alice’s and Bob’s measurements achieving the
maximal quantum violation of the given Bell inequality
are chosen to be different, hence we have to use the tool
of localizing matrices [55]. In Sec. IVB, we show that
there exist two distinct Bell scenarios whose reference
assemblages are identical.
A. The tilted CHSH type
The tilted CHSH inequality is written as [35] (see also
[56, 57])
ItiltedCHSH := α〈A1〉+ 〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉 − 〈A2B2〉
L≤ 2 + α,
(13)
where α ∈ [0, 2). The maximal quantum violation of the
inequality is given by
√
8 + 2α2, and can be achieved by
Alice performing the measurements {A∗1, A∗2} = {Zˆ, Xˆ}
on the shared state |ψ∗〉AB = cos θ|00〉 + sin θ|11〉, with
sin 2θ =
√
4−α2
4+α2 . With this quantum strategy, we then
define Bob’s reference assemblage, referred to the tilted-
CHSH-type assemblage, as σ∗a|x = P
∗
σ(a|x)|σˆ∗a|x〉〈σˆ∗a|x|
with
P ∗σ(1|1) = cos2 θ, P ∗σ(1|2) =
1
2
P ∗σ(2|1) = sin2 θ, P ∗σ(2|2) =
1
2
,
(14)
and
|σˆ∗1|1〉 = |0〉, |σˆ∗1|2〉 = cos θ|0〉+ sin θ|1〉,
|σˆ∗2|1〉 = |1〉, |σˆ∗2|2〉 = cos θ|0〉 − sin θ|1〉,
(15)
the representation of which is plotted in Fig. 3(a). To
achieve the quantum bound of ItiltedCHSH, Bob’s observ-
ables can be chosen as B∗1 = cosµZˆ + sinµXˆ and
B∗2 = cosµZˆ − sinµXˆ, with µ = arctan(sin 2θ). There
is a tricky point we have to take care of when per-
forming the relaxation to a DI scenario: If we relax,
say, Zˆ = (B∗1 + B∗2)/ cosµ to an unknown observable
(B1 + B2)/ cosµ, then it is in general not a unitary. To
tackle this problem, we use the same technique as in
Refs. [29, 30]. For any operator B, there exists a uni-
tary operator U such that UB is positive semidefinite,
i.e., this is simply the polar decomposition. Moreover,
U = B† if B is unitary. Therefore, we introduce observ-
ables B∗3 := Zˆ and B∗4 := Xˆ, such that
B∗3
(
B∗1 +B
∗
2
cosµ
)
 0, B∗4
(
B∗1 −B∗2
sinµ
)
 0, (16)
By this, we can represent the CJ matrix with these ob-
servables:
ΩT =
1 +B∗3
2
⊗ |0〉〈0|+ B
∗
4 −B∗4B∗3
2
⊗ |0〉〈1|
+
B∗4 −B∗3B∗4
2
⊗ |1〉〈0|+ 1 −B
∗
3
2
⊗ |1〉〈1|.
(17)
In a DI setting, B∗y are relaxed to uncharacterized unitary
and Hermitian observables By. Consequently, we obtain
a DI description of the fidelity F(σ∗,Λ(σ)) between the
underlying assemblage σ and the reference one σ∗ (c.f.,
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FIG. 3. (a) The representation of the tilted-CHSH-type assemblage. The angle between the Bloch vectors of |σˆ∗1|1〉 and |σˆ∗1|2〉,
marked as 2θ, is the parameter of the shared state |ψ∗〉AB = cos θ|00〉+sin θ|11〉. (b-d) DI lower bounds on the fidelity between
the underlying and the reference assemblage as a function of the tilted CHSH inequality Itilted,obsCHSH . The horizontal-dashed lines
represent the classical fidelities, which are respectively around 0.8440, 0.8385, and 0.8397. Each x-axis of the plots ranges from
the local bound to the quantum bound of ItiltedCHSH.
Eq. (9)). As in the CHSH case, given a quantum viola-
tion of ItiltedCHSH, a lower bound on the fidelity can also be
computed by the following SDP:
min F(σ∗,Λ(σ))
such that ItiltedCHSH(P) = I
tilted,obs
CHSH
χ[σa|x,S]  0 ∀a, x,∑
a
χ[σa|x,S] =
∑
a
χ[σa|x′ ,S] ∀x 6= x′,
χL
[
σa|x,
B3(B1 +B2)
cosµ
,S ′]  0 ∀a, x,
χL
[
σa|x,
B4(B1 −B2)
sinµ
,S ′]  0 ∀a, x.
(18)
Compared with Eq. (11), two more constraints (the last
two lines) are included, which are relaxations of Eq. (16).
The term χL[σa|x, B,S ′] :=
∑
ij |i〉〈j| tr[(S′j)†BS′iσa|x] is
a variant of the so-called localizing matrix [29, 30, 55],
and, by construction, it is positive semidefinite if B  05.
The requirement of the second sequence, S ′, is that the
localizing matrices χL contain all the moment terms of
the DI fidelity but cannot contain the terms not shown
in χ, i.e., S′ ⊆ S. The results are plotted in Figs. 3(b-d).
B. The elegant-Bell type and the I3622 type
Another self-testing of a qubit assemblage we would
like to show is the one in the elegant-Bell scenario.
The elegant Bell inequality is written as [36] (see also
5 More specifically, we can think of the localizing matrix as a com-
pletely positive map on σa|x, namely E(σa|x) =
∑
nKnσa|xK
†
n
with Kn :=
∑
i |i〉〈n|B1/2Si, where (B1/2)†B1/2 = B is a
Cholesky decomposition of B (see Ref. [34] for treating the stan-
dard moment matrix as a completely positive map.)
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FIG. 4. (a) The representation of the elegant-Bell-type (and the I3622-type) assemblage described in Eq. (20). (b) DI lower
bounds on the fidelity between the underlying assemblage and the reference assemblage as a function of the percentage variation
away from the maximal quantum violation of IE and I3622. More explicitly, the x-axis represents for the percentage of deviation
from the maximal quantum violation of IE and I3622, i.e., (IQi − Iobsi )/(IQi − ILi ) with Iobsi , ILi , and IQi being the observed
quantum violation, local bound, and quantum bound of each of IE and I3622, respectively, and i ∈ {E, 3622}. The horizontal
dashed line with the value around 0.7887 represents the maximal fidelity that can be achieved by a LHS model, which can be
computed via Eq. (12).
Ref. [58]):
IE := 〈A1B1〉+ 〈A1B2〉 − 〈A1B3〉 − 〈A1B4〉
+ 〈A2B1〉 − 〈A2B2〉+ 〈A2B3〉 − 〈A2B4〉
+ 〈A3B1〉 − 〈A3B2〉 − 〈A3B3〉+ 〈A3B4〉
L≤ 6.
(19)
To achieve the maximal quantum violation, 4
√
3 ≈
6.9282, a choice for Alice’s observables and the shared
state is {A∗1, A∗2, A∗3} = {Zˆ, Xˆ, Yˆ } and |ψ∗〉AB =
1√
2
(|00〉 + |11〉). By this we can define the elegant-
Bell-type assemblage as σ∗a|x = P
∗
σ(a|x)|σˆ∗a|x〉〈σˆ∗a|x| with
P ∗σ(a|x) = 1/2 for all a, x and
|σˆ∗1|1〉 = |0〉, |σˆ∗1|2〉 =
|0〉+ |1〉√
2
, |σˆ∗1|3〉 =
|0〉+ i|1〉√
2
,
|σˆ∗2|1〉 = |1〉, |σˆ∗2|2〉 =
|0〉 − |1〉√
2
, |σˆ∗2|3〉 =
|0〉 − i|1〉√
2
,
(20)
i.e., |σˆ∗a|x〉 are the eigenstates of the three Pauli ma-
trices. The representation of the elegant-Bell-type as-
semblage is shown in Fig. 4(a). In order to achieve the
quantum bound of IE, Bob’s observables can be chosen
as {B∗1 , B∗2 , B∗3 , B∗4} = { 1√3 (Zˆ + Xˆ − Yˆ ), 1√3 (Zˆ − Xˆ +
Yˆ ), 1√
3
(−Zˆ+ Xˆ + Yˆ ), 1√
3
(−Zˆ− Xˆ − Yˆ )}. Geometrically,
the eigenstates of these observables form a regular tetra-
hedron on the Bloch sphere.
Interestingly, in the framework of robust self-testing
of assemblages, it is possible to self-test the same as-
semblage with different Bell inequalities. For instance,
consider the Bell inequality proposed by Acín et al. [37]:
I3622 := 〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉 − 〈A2B2〉
+ 〈A1B3〉+ 〈A1B4〉 − 〈A3B3〉+ 〈A3B4〉
+ 〈A2B5〉+ 〈A2B6〉 − 〈A3B5〉+ 〈A3B6〉
L≤ 6,
(21)
It was shown [37] that the maximal quantum viola-
tion of I3622, i.e., 6
√
2 ≈ 8.4853, can be achieved if
the shared state %CA0 is the maximally entangled state
|Φ+〉 = (|00〉 + |11〉)/√2 and Alice’s observables Ax are
the three Pauli observables. Consequently, Bob’s refer-
ence assemblage will be defined as the same as that of
the elegant-Bell scenario, i.e., Eq. (20).
Following the same procedure in the tilted-CHSH-type
case, we can obtain a DI lower bound on the fidelity for a
given quantum violation of each of IE and I3622. The re-
sults are plotted in Fig. 4(b), whereas the detail and the
corresponding SDP computing the lower bounds are pre-
sented in Appendix B. In Fig. 4(b), the x-axis represents
for the percentage of deviation from the maximal quan-
tum violation of IE and I3622, i.e., (I
Q
i − Iobsi )/(IQi − ILi )
with Iobsi , ILi , and I
Q
i being the observed quantum viola-
tion, local bound, and quantum bound of each of IE and
I3622, respectively, and i ∈ {E, 3622}. Note that although
the robustness that IE demonstrates is better than I3622,
it is only for the CPTP maps we are considering now. It is
also worth noting that although the elegant-Bell-type (or
the I3622-type) assemblage contains complex elements,
the framework of self-testing still works well. It is unlike
the case of the self-testing of complex measurements in
9some Bell scenarios, where the definition of self-testing
has to be slightly modified (see, e.g., Refs. [38, 59, 60]).
V. APPLICATIONS
A. DI certification of all entangled states
It is well known that there exist entangled states ad-
mitting a local-hidden-variable model [61]. In other
words, if Alice and Bob would like to verify entangle-
ment of their share %AB through the observed correlation
{P (a, b|x, y)} violating a Bell inequality, some entangled
states will fail to be detected. In 2012, Buscemi [62]
showed that by further introducing two tomographically
complete sets of states {τˆx} and {ωˆy}, respectively, for
Alice and Bob, all entangled states can be certified
through {P (a, b|x, y)}, though not in a fully DI man-
ner. Recently, Bowles et al. [38, 39] considered to in-
troduce two more parties, called Charlie and Daisy (see
Fig. 5), who share quantum states %CA0 ∈ L(HC ⊗HA0)
and %B0D ∈ L(HB0 ⊗ HD), respectively, with Alice’s
and Bob’s auxiliaries. Charlie (Daisy) also performs
measurement on his (her) share in a black box sce-
nario, i.e., he (she) obtains a collection of outcomes {c}
({d}) when performing measurements labelled from the
set {u} ({v}). At the end of experiment, the follow-
ing statistics are obtained: {P (c, a|u, x)}, {P (b, d|y, v)},
and {P (c, a, b, d|u, x, y, v)}. The first (second) correla-
tion is used for self-testing that Charlie’s (Daisy’s) mea-
surements and the share state %CA0 (%B0D) are indeed in
the reference ones, ensuring that the set of states steered
on Alice’s (Bob’s) part, i.e., {τˆc|u} ({ωˆd|v}), is the ideal
one. The third correlation is used for verifying the en-
tangled state %AB through the DI entanglement witness
~β · P := ∑c,a,b,d,u,x,y,v βu,x,y,vc,a,b,d P (c, a, b, d|u, x, y, v) ≥ 0,
with ~β being a set of real numbers.
With our robust self-testing method, we would like to
show that it also allows one to provide the same qual-
itative result as the statement above. The idea behind
is that we directly self-test the reference steered assem-
blages {τc|u} and {ωd|v} (hence {τˆc|u} and {ωˆd|v} ) in-
stead of self-testing the measurements (of Charlie and
Daisy) and the states %CA0 , %B0D. To simplify the prob-
lem and show that the method is in principle feasible,
we consider that the shared state %AB is a two-qubit en-
tangled state. The generalization to higher-dimensional
states is left for a future work. In what follows we will
show two facts. The first one is that when both the self-
testing of Alice’s and Bob’s assemblages (prepared by
Charlie and Daisy, respectively) are perfectly achieved,
for any given entangled qubit state %AB there exists a DI
witness ~β such that ~β ·P < 0, with ~β ·P ≥ 0 for all separa-
ble states. The other one is that when the self-testing is
imperfect (i.e., with the fidelity deviating from the value
of 1), one is able to shift the separable bound 0 to avoid
detecting separable states, though some entangled states
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FIG. 5. The protocol for DI certification of all entan-
gled states proposed by Bowles et al. [38, 39]. To ver-
ify entanglement of the quantum state %AB, two more par-
ties, Charlie and Daisy, join the certification task and dis-
tribute quantum states %CA0 and %B0D with, respectively,
Alice’s and Bob’s auxiliaries. In this network composed
of four black boxes, three correlations will be observed,
i.e., {P (c, a|u, x)}, {P (b, d|y, v)}, and {P (c, a, b, d|u, x, y, v)}.
If both {P (c, a|u, x)} and {P (b, d|y, v)} successful self-test
Chalire’s measurements, %CA0 , %B0D, and Daisy’s measure-
ments, then one can find a DI entanglement witness for
{P (c, a, b, d|u, x, y, v)} caused by any entangled state %AB.
cannot be verified.
First, consider that Charlie and Alice use the I3622
inequality to perform the self-testing:6 [37–39]
ICA3622 := 〈C1A1〉+ 〈C1A2〉+ 〈C2A1〉 − 〈C2A2〉
+ 〈C1A3〉+ 〈C1A4〉 − 〈C3A3〉+ 〈C3A4〉
+ 〈C2A5〉+ 〈C2A6〉 − 〈C3A5〉+ 〈C3A6〉
L≤ 6,
(22)
where 〈CuAx〉 := P (c = a|u, x)−P (c 6= a|u, x). As it has
been shown in Section IVB, the maximal quantum vio-
lation of this inequality self-tests that Alice’s assemblage
{τ∗c|u} is of the form of Eq. (20), which is tomographically
complete.
Having successfully self-tested Alice’s assemblage (pre-
pared by Charlie) and Bob’s assemblage (prepared by
Daisy), the final step is to construct a DI entanglement
witness IDIEW := ~β ·P and show how it can be used for
certifying the entangled state %AB. The DI entanglement
witness we use is the same as that of Ref. [38, 39]:
IDIEW :=
∑
c,d,u,v
βu,vc,d P (c,+,+, d|u,,, v), (23)
where x =  and y = , respectively, represent for Alice’s
and Bob’s 7th measurement settings. In Appendix C, we
show IDIEW is capable of certifying all entangled two-
qubit states when both self-testing of Alice’s and Bob’s
assemblages are perfect (i.e., I3622 = 6
√
2). If the self-
testing is imperfect, i.e., I3622 departs from the value of
6
√
2, we also show the separable bound of IDIEW can
6 Since the part of Bob and Daisy is the same as Charlie and Alice,
we only discuss the latter. The self-testing part of the former can
be trivially obtained.
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be shifted to avoid wrongly detecting separable states,
though some entangled states will fail to be detected in
this case. Note that most of the techniques we use are
the same as those of Refs. [38, 39], therefore we leave the
detail of the proof in Appendix C.
B. DI certification of all
non-entanglement-breaking channels
As the second application, we would like to show
that our tool can also be used for certifying all non-
entanglement-breaking (non-EB) channels. In Ref. [40],
Rosset et al. proposed the so-called semi-quantum sig-
nalling games and showed that under such a framework,
any non-EB channel outperforms EB channels. More
specifically, in a semi-quantum signalling game, a well-
characterized quantum state |ψx〉 ∈ {|ψx〉}x is prepared
by Alice and sent into a quantum channel N at time t0.
After some time, the state evolves into N (|ψx〉) and is
measured by Bob jointly with another state ξy ∈ {|ξy〉}y
at time t1 > t0. See Fig. 6(a) for the schematic dia-
gram. After many rounds, one obtains a set of prob-
ability distributions {P sigN (b|x, y)}. If {|ψx〉} and {|ξy〉}
respectively form tomographically complete sets, one can
construct a witness IsigN :=
∑
b,x,y γb,x,yP
sig
N (b|x, y) such
that IsigN < 0 for the given non-EB channel while I
sig
N ≥ 0
for all EB channels [40]. In what follows, we show how
to remove the necessity of the characterization of {ψx}
and {ξy} therefore the entire framework will be device-
independent.
The idea is similar to the one used in the works of
Bowles et al. [38, 39]. For simplicity, we consider quan-
tum states undergoing the channel are qubits. Then,
we introduce two more parties, called Charlie and Daisy,
who share the maximally entangled states with Alice and
Bob, respectively, and perform the Pauli measurements
Zˆ, Xˆ, Yˆ on their shares. By doing so, each of Alice
and Bob obtains a set of eigenstates of the Pauli ob-
servables, which is tomographically complete. As shown
in the previous sections, we are indeed able to self-test
the assemblage associated with this set of states by the
maximal quantum violation of either I3622 or IE. The
entire DI setting is depicted in Fig. 6. As can be seen,
at time t0, one performs self-testing of Alice’s (the black
box with action (a, x)) reference assemblage {τ∗c|u} pre-
pared by Charlie (the black box with action (c, u)) by
the observation of the maximal quantum violation of,
say IE. Then, the state τˆ∗c|u is sent into the quan-
tum channel. At time t1, one performs the other self-
testing of Bob’s reference assemblage {ω∗d|v} prepared by
Daisy. Besides, the evolved state N (τˆ∗c|u) is jointly mea-
sured with ωˆ∗d|v and the set of probability distributions
PN := {PN (b = +, d|c, u, y = , v)} is obtained, where
 is the 5th measurement setting of y. In Appendix D,
we show that for a correlation PN caused by any non-EB
channel, there exists a set of coefficients {γu,vc,d }, namely
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FIG. 6. (a) The protocol for semi-quantum signalling
games [40]. At time t0, a characterized quantum state
ψx ∈ {ψx} is sent into a quantum channel N . After the
evolution, the involved state N (ψx) and another character-
ized state ξy ∈ {ξy} are jointly measured by a black box.
Under such a framework, Ref. [40] showed that any non-
entanglement-breaking (non-EB) channel can be verified by
properly choosing a witness. (b) The protocol for DI certifi-
cation of all non-EB channels. To verify that channel N is
non-EB in a DI scheme, two black boxes are used at time
t0 to obtain the correlation {P (c, a|u, x)} for self-testing of
Alice’s reference assemblage (c.f. ψx in (a)). The usage of
the other two black boxes at time t1 is to obtain the corre-
lation {P (b, d|y, v)} for self-testing of Bob’s reference assem-
blage (c.f. ξy in (a)). If both of the self-testing are successful,
one can find witnesses for correlations {PDIN (b, d|c, u, y, v)} in-
duced by any non-EB quantum channel.
a witness, such that∑
c,d,u,v
γu,vc,d PN (+, d|c, u,, v) < 0 (24)
while
∑
c,d,u,v γ
u,v
c,d P
EB
N (+, d|c, u,, v) ≥ 0 for correla-
tions PEBN caused by all EB channels.
VI. DISCUSSION
In this work, we introduce the framework of robust
self-testing of steerable quantum assemblages, which pro-
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vides quantitative estimation of how close is the under-
lying assemblage to the reference one when the Bell in-
equality may not achieve the maximal quantum viola-
tion. The framework is device-independent (DI), i.e., no
assumption is made on the measurements involved nor
on the underlying state shared between Alice and Bob.
We give several types of self-testable assemblages such as
the CHSH type, the tilted CHSH type, the elegant Bell
type, and the I3622 type. Fundamentally, this work classi-
fies different types of steerable quantum assemblages and
explores the relation between these assemblages and the
boundary of the quantum set of correlations. We also give
two explicit applications on DI quantum certification: 1)
It can be used for an alternative proof of the protocol of
Ref. [38], i.e., DI certification of all entangled states, and
2) it can be used for constructing a DI certification of all
non-entanglement-breaking channels, which is with fewer
assumptions compared with the work of Ref. [40].
We would like to point out that although an assem-
blage is produced by performing a set of measurements
on a shared state, the successful self-testing of an as-
semblage does not necessarily imply the successful self-
testing of the state or measurements. This is due to the
fact that a single assemblage itself cannot fully charac-
terize the measurements and state that are used to gen-
erate it. Our work therefore poses the following open
question: Is it always true that if a given assemblage is
self-testable, one can, in addition, self-test the associated
measurements and state?
We also leave some open problems in the following.
First, we don’t follow specific rules to express the CJ ma-
trix corresponding to the identity channel (i.e., the un-
normalized maximally entangled state) in terms of Bob’s
reference measurements. Is there a general way to ex-
press the maximally entangled state in terms of the ref-
erence measurements, so that it could make the entire
framework more universal? Second, compared with the
DI bounds on fidelities obtained in this work, are there
better strategies, i.e., better expressions of the maximally
entangled state, that give greater bounds? Third, in our
application sections, we only consider that each party
holds a qubit system in the DI verification task. It is ex-
pected that the numerical computations of higher dimen-
sional states will be considered in a future work. Fourth,
it is expected some analytical frameworks of the robust
self-testing of assemblages will be proposed, using either
the typical method based on the trace distance [63] or the
method based on operator inequalities [46, 64]. Finally,
it is expected that our work could be generalized to mul-
tipartite scenarios, i.e., certification of assemblages in a
multipartite setting by observing the maximal quantum
violation of a multipartite Bell inequality.
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Appendix A: Classical fidelity obtained from LHS
model
1. Derivation of the SDP
In this section we derive the SDP computing the trivial
fidelity of given reference assemblage, i.e., Eq. (12)
max
{ςˆλ}
√|A|
|X ||λ|
∑
a,x,λ
√
P ∗σ(a|x)δa,λx tr(σˆ∗a|xςˆ)
such that ςˆλ  0, tr(ςˆλ) = 1 ∀λ.
(A1)
Recall that in Sec. II B a local-hidden-state model of as-
semblages is written as [6]
ρUSa|x =
∑
λ
P (λ)δa,λx ςˆλ ∀a, x, (A2)
where ςˆλ are normalized quantum states for all λ. The
superscript “US” denotes for “unsteerable”. Without loss
of generality, we assume that the probability P (λ) used
for distributing the classical strategy is uniform, i.e.,
P (λ) = 1/|λ| with |λ| = |A||X | being the number of pos-
sible vectors λ. Therefore for all a and x we have
Pρ(a|x) := tr(ρUSa|x) =
1
|λ|
∑
λ
δa,λx =
1
|λ|
|λ|
|A| =
1
|A| ,
(A3)
where in the third equality we use the fact that the num-
ber of the non-zero elements of the set {δa,λx}λ is |A||X |−1
for all a and x. With this, given a reference assemblage
σ∗, the best fidelity that ρUS can achieve is
fc := max
ρUS
F(σ,ρ)
:= max
ρUS
∑
a,x
√
P ∗σ(a|x)
Pρ(a|x) 〈σˆ
∗
a|x|ρUSa|x|σˆ∗a|x〉
= max
ςˆλ
1
|X |
∑
a,x,λ
√
|A|
√
P ∗σ(a|x)〈σˆ∗a|x|P (λ)δa,λx ςˆ|σˆ∗a|x〉
= max
ςˆλ
√|A|
|X ||λ|
∑
a,x,λ
√
P ∗σ(a|x)δa,λx tr(σˆ∗a|xςˆ).
(A4)
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Appendix B: SDP computing DI lower bounds on
the fidelity of the elegant-Bell-type and I3622-type
assemblages
Recall that Bob’s reference observables in the elegant-
Bell scenario are:
B∗1 =
1√
3
(Zˆ + Xˆ − Yˆ ), B∗2 =
1√
3
(Zˆ − Xˆ + Yˆ ),
B∗3 =
1√
3
(−Zˆ + Xˆ + Yˆ ), B∗4 =
1√
3
(−Zˆ − Xˆ − Yˆ ).
(B1)
As in the tilted-CHSH-type and the elegant-Bell-type
scenarios in the main text, here, we also have to intro-
duce observables B∗5 := Zˆ, B∗6 := Xˆ, and B∗7 := Yˆ , such
that
B∗5
[√
3
4
(
B∗1 +B
∗
2 −B∗3 −B∗4
)]
 0,
B∗6
[√
3
4
(
B∗1 −B∗2 +B∗3 −B∗4
)]
 0,
B∗7
[√
3
4
(
−B∗1 +B∗2 +B∗3 −B∗4
)]
 0.
(B2)
The CJ matrix can be represented with these observables:
ΩT =
1
2
(
1 ⊗ 1 − (B∗7B∗6B∗7)⊗ Xˆ
+ (B∗5B
∗
7B
∗
5)⊗ Yˆ − (B∗6B∗5B∗6)⊗ Zˆ
)
.
(B3)
After relaxing A∗x to Ax, we can compute a DI lower
bound on the fidelity between the underlying assemblage
τ and the reference one τ ∗ via the following SDP:
min F(σ∗,Λ(σ))
s.t. IE(P) = IobsE
χ[σa|x,S]  0 ∀a, x,∑
a
χ[σa|x,S] =
∑
a
χ[σa|x′ ,S] ∀x 6= x′,
χL[σa|x, B∗5(B
∗
1 +B
∗
2 −B∗3 −B∗4),S ′]  0 ∀a, x,
χL[σa|x, B∗6(B
∗
1 −B∗2 +B∗3 −B∗4),S ′]  0 ∀a, x,
χL[σa|x, B∗7(−B∗1 +B∗2 +B∗3 −B∗4),S ′]  0 ∀a, x.
(B4)
The procedure of deriving the SDP of the I3622 scenario
are similar, therefore we omit the detail of derivation but
only show the result in the following:
min F(σ∗,Λ(σ))
s.t. I3622(P) = Iobs3622
χ[σa|x,S]  0 ∀a, x,∑
a
χ[σa|x,S] =
∑
a
χ[σa|x′ ,S] ∀x 6= x′,
χL[σa|x, B∗7(B
∗
1 +B
∗
2),S ′]  0 ∀a, x,
χL[σa|x, B∗8(B
∗
5 +B
∗
6),S ′]  0 ∀a, x,
χL[σa|x, B∗9(B
∗
3 −B∗4),S ′]  0 ∀a, x.
(B5)
Appendix C: Related detail of applications on DI
certification of all entangled states
1. Positivity of DI entanglement witnesses for
separable states (the perfect self-testing)
In this section we will prove that the DI entangle-
ment witness IDIEW can be used for certifying all entan-
gled two-qubit states if both self-testing of Alice’s and
Bob’s assemblages (prepared by Charlie and Daisy, re-
spectively) are perfect. Recall that the DI entanglement
witness is written as (c.f. Eq. (23))
IDIEW :=
∑
c,d,u,v
βu,vc,d P (c,+,+, d|u,,, v), (C1)
where x =  and y = , respectively, represent for Alice’s
and Bob’s 7th measurement settings. In quantum theory,
we denote the 7th settings as POVMs {EA0A, 1 −EA0A}
and {EBB0 , 1 − EBB0}, thus a = + and b = + in the
above equation are outcomes corresponding to EA0A and
EBB0 , respectively. With this, the quantum realization
of P (c,+,+, d|u,,, v) is given by
tr
[
(ECc|u ⊗ EA0A ⊗ EBB0 ⊗ EDd|v)(%CA0 ⊗ %AB ⊗ %B0D)
]
= tr
[
(EA0A ⊗ EBB0)(τc|u ⊗ %AB ⊗ ωd|v)
]
.
(C2)
If Alice’s and Bob’s reference assembalges, i.e., {τ∗c|u}
and {ω∗d|v}, are both tomographically complete, they can
be used to span an Hermitian observable, including an
entanglement witnesses W ∗ [38, 39, 65]:
W ∗ =
∑
c,d,u,v
βu,vc,d (τ
∗
c|u)
T ⊗ (ω∗d|v)T (C3)
In the case of perfect self-testing, one self-tests the refer-
ence observables on L(HA0):
A∗1 =
1√
3
(Zˆ + Xˆ − Yˆ ), A∗2 =
1√
3
(Zˆ − Xˆ + Yˆ ),
A∗3 =
1√
3
(−Zˆ + Xˆ + Yˆ ), A∗4 =
1√
3
(−Zˆ − Xˆ − Yˆ ),
(C4)
therefore we have Ω = |00〉+ |11〉 according to
ΩT =
1
2
(
1 ⊗ 1 − (A∗7A∗6A∗7)⊗ Xˆ
+ (A∗5A
∗
7A
∗
5)⊗ Yˆ − (A∗6A∗5A∗6)⊗ Zˆ
)
,
(C5)
implying that the CPTP map for Alice on L(HA0) is the
identity map (also for Bob on L(HB0)). Consequently,
we obtain τ = τ ∗ and ω = ω∗. Then, for any separable
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state %AB =
∑
k pkσˆ
A
k ⊗ σˆBk we have
IDIEW
=
∑
c,d,u,v
βu,vc,d tr
[
(EA0A ⊗ EBB0)(τc|u ⊗ %AB ⊗ ωd|v)
]
=
∑
c,d,u,v,k
pkβ
u,v
c,d tr
[
(EA0k ⊗ EB0k )(τc|u ⊗ ωd|v)
]
=
∑
c,d,u,v,k
pkβ
u,v
c,d tr
[
(EA0k ⊗ EB0k )(τ∗c|u ⊗ ω∗d|v)
]
=
∑
k
pk tr
[
W ∗(EA0k ⊗ EB0k )T
] ≥ 0,
(C6)
where EA0k := trA[E
A0A(1 ⊗ σˆAk )] and EB0k :=
trB[E
BB0(σˆBk ⊗ 1 )]. The inequality holds since W ∗ is an
entanglement witness, therefore tr(W ∗O) is non-negative
for all separable operators O. To demonstrate that IDIEW
is able to detect any entangled qubit state %AB, we choose
EA0A and EBB0 both to be the projection onto the max-
imally entangled state, i.e., EA0A = EBB0 = |Φ+〉〈Φ+|.
Thus we obtain
IDIEW
=
∑
c,d,u,v
βu,vc,d tr
[
(|Φ+〉〈Φ+| ⊗ |Φ+〉〈Φ+|)(τc|u ⊗ %AB ⊗ ωd|v)
]
=
∑
c,d,u,v
βu,vc,d tr
[
(τc|uT ⊗ ωd|vT)%AB
]
/4
= tr(W ∗%AB)/4 < 0.
(C7)
2. Shift of the separable bound of DI entanglement
witness (imperfect self-testing)
Following the previous section, for the case where the
quantum violation of I3622 departs from the maximal
value of 6
√
2, one observe the inequivalence between τ ∗
and Λτ (τ ), i.e., ||τ∗c|u − Λτ (τc|u)|| ≤ η for some positive
number η. Here, we would like to show the separable
bound of I3622 is shifted by
IDIEW ≥ −r(η), (C8)
with r(η) being some positive function satisfying the rule:
r(η) = 0 when η = 0.
Proof. The proof follows the technique of Ref. [39]. Recall
that in the perfect self-testing, one finds that Λτ is the
identity map hence τ∗c|u = Λτ (τc|u) = τc|u. In an imper-
fect self-testing scenario, we have ||τ∗c|u − Λτ (τc|u)|| ≤ η
for some non-negative value η due to τ∗c|u 6= Λτ (τc|u), or
equivalently,
Λτ (τc|u) = τ∗c|u + ∆c|u ∀c, u, (C9)
with ||∆c|u|| ≤ η. Note that η = 0 implies the perfect
self-testing. Besides, we can think of the map Λτ now
deviates from the identity map so Λτ (τc|u) 6= τc|u. If
we define Λτ (τc|u) − τc|u := Θc|u, then Θc|u must be an
operator, the norm of which is a function of η such that
||Θc|u|| = 0 when η = 0 (i.e., it recovers the perfect self-
testing in the previous section). Together with Eq. (C9),
we have
τc|u = τ∗c|u + ∆c|u −Θc|u ∀c, u. (C10)
For Bob’s assemblage, one can obtain the same relation:
ωd|v = ω∗d|v+∆d|v−Θd|v where ||∆d|v|| ≤ η and ||Θd|v|| =
0 for η = 0. Then, for a separable state %AB =
∑
k pkσˆ
A
k ⊗
σˆBk , the value of IDIEW is
IDIEW =
∑
c,d,u,v
βu,vc,d tr
[
(EA0A ⊗ EBB0)(τc|u ⊗ %AB ⊗ ωd|v)
]
=
∑
c,d,u,v,k
pkβ
u,v
c,d tr
{
(EA0A ⊗ EBB0)[(τ∗c|u + ∆c|u −Θc|u)⊗ σˆAk ⊗ σˆBk ⊗ (ω∗d|v + ∆d|v −Θd|v)]}
= InoiselessDIEW +
∑
c,d,u,v,k
pkβ
u,v
c,d
[
tr
(
EA0A τ∗c|u ⊗ σˆAk
)
tr
(
EBB0 σˆBk ⊗∆d|v
)
− tr (EA0A τ∗c|u ⊗ σˆAk ) tr (EBB0 σˆBk ⊗Θd|v)+ tr (EA0A ∆c|u ⊗ σˆAk ) tr (EBB0 σˆBk ⊗ ω∗d|v)
+ tr
(
EA0A ∆c|u ⊗ σˆAk
)
tr
(
EBB0 σˆBk ⊗∆d|v
)− tr (EA0A ∆c|u ⊗ σˆAk ) tr (EBB0 σˆBk ⊗Θd|v)
− tr (EA0A Θc|u ⊗ σˆAk ) tr (EBB0 σˆBk ⊗ ω∗d|v)− tr (EA0A Θc|u ⊗ σˆAk ) tr (EBB0 σˆBk ⊗∆d|v)
+ tr
(
EA0A Θc|u ⊗ σˆAk
)
tr
(
EBB0 σˆBk ⊗Θd|v
)]
,
(C11)
where InoiselessDIEW is the DI entanglement wintess IDIEW for η = 0. As considered in Ref. [39], under the worse-
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case scenario, one has InoiselessDIEW = 0 and that all the
terms in the summation give negative numbers. With
the bound relations [39]
| tr (EA0A τ∗c|u ⊗ σˆAk )| ≤ ||τ∗c|u|| = 12 ,
| tr (EA0A ∆c|u ⊗ σˆAk )| ≤ ||∆c|u|| ≤ η,
| tr (EA0A Θc|u ⊗ σˆAk )| ≤ ||Θc|u||,
(C12)
we can obtain a lower bound on IDIEW, which is a func-
tion of η, where IDIEW ≥ 0 when η = 0, arriving the
statement of Eq. (C8).
Appendix D: DI certification of all non-EB qubit
channels
In this section, we provide the detail proof of the faith-
fulness of the DI witnesses of non-EB qubit channels of
Eq. (24). That is, given any non-EB qubit channel, there
exists a witness {γu,vc,d }, namely a set of coefficients, such
that
IN :=
∑
c,d,u,v
γu,vc,d PN (+, d|c, u,, v) < 0 (D1)
while
∑
c,d,u,v γ
u,v
c,d P
EB
N (+, d|c, u,, v) ≥ 0 for all EB
channels.
Proof. Recall that for a non-EB channel N , its CJ matrix
JN := (N ⊗ 1 )(|Φ+〉〈Φ+|) ∈ L(HA) ⊗ L(HB) must be
entangled [66], where |Φ+〉 is the maximally entangled
state7. This implies that there exists an entanglement
witness W such that tr(WJN ) < 0 while tr(Wρ) ≥ 0 for
all ρ separable on L(HA)⊗ L(HB)
If the self-testing of Alice’s and Bob’s reference assem-
blages are successful, then τ∗c|u and ω
∗
d|v can span the
witness W . For the later use, we use τˆ∗c|u and ω
∗
d|v to
span W :
W =
∑
c,d,u,v
γu,vc,d (τˆ
∗
c|u)
T ⊗ (ω∗d|v)T. (D2)
The quantum realization of PN (+, d|c, u,, v) is
PN (+, d|c, u,, v) = tr
[ (
EBB0b=+ ⊗ EDd|v
)(
N (τˆ∗c|u)⊗ %B0D
) ]
,
(D3)
where EBB0b=+ is the projection corresponding to the out-
come b = + when performing the measurement , and
EDd|v are Daisy’s POVM elements corresponding to mea-
surement outcomes d and inputs v (see Fig. 6 in the main
text for the overall DI setting). If N is an EB channel,
the witness IN is then written as∑
c,d,u,v
γu,vc,d tr
[ (
EBB0b=+ ⊗ EDd|v
)(
N (τˆ∗c|u)⊗ %B0D
) ]
=
∑
c,d,u,v
γu,vc,d tr
[
EBB0b=+
(
N (τˆ∗c|u)⊗ ωd|v
) ]
=
∑
c,d,u,v
γu,vc,d tr
{
EBB0b=+
[∑
λ
pi(λ)
∑
i
τˆ ′i,λ tr(Πi|λτˆ
∗
c|u)
]
⊗ ω∗d|v
}
=
∑
c,d,u,v
γu,vc,d
∑
i
tr(Πi|λτˆ∗c|u) tr(Eiω
∗
d|v)
=
∑
c,d,u,v
γu,vc,d
∑
i
tr
[
(Πi|λτˆ∗c|u)⊗ (Eiω∗d|v)
]
=
∑
i
tr
[
(Πi|λ ⊗ Ei)WT
]
≥ 0.
(D4)
In the second equality we use the property of an EB
channel, where τˆ ′i,λ are some quantum states and Πi|λ
are some POVM elements [40]. We also use the fact
that ωd|v = ω∗d|v due to the perfect self-testing. As in
Ref. [40], Ei :=
∑
λ pi(λ) trB[(τˆ
′
i,λ ⊗ 1 B0)EBB0b=+]. On the
other hand, if N is a non-EB channel, we can choose
EBB0b=+ as the projection onto the maximally entangled
state |Φ+〉 = (1/√d)∑i |ii〉 so that IN will be∑
c,d,u,v
γu,vc,d tr
[ (
EBB0b=+ ⊗ EDd|v
)(
N (τˆ∗c|u)⊗ %B0D
) ]
=
∑
c,d,u,v
γu,vc,d tr
[
|Φ+〉〈Φ+|
(
N (τˆ∗c|u)⊗ ω∗d|v
) ]
=
∑
c,d,u,v
γu,vc,d · d · tr
[
JN
(
(τˆ∗c|u)
T ⊗ ω∗d|v
)
|Φ+〉〈Φ+|
]
=
∑
c,d,u,v
γu,vc,d tr
[
JN
(
(τˆ∗c|u)
T ⊗ (ω∗d|v)T
) ]
= tr(JNW ) < 0,
(D5)
where in the second equality we use the relation
tr[N (A)B] = d · tr[JN (AT ⊗B)] [40].
For the case of imperfect self-testing, the situation is
similar to the previous section. The separable bound 0
will be shifted and some non-EB channels will be failed
to detected. The technique of the proof is the same as the
one in the previous section, therefore we do not repeat it
here.
7 Note that the usage of CJ matrix here is not the same as that of the CJ matrix used for relaxing the fidelity expression in Sec. III.
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